In the topological semantics for propositional modal logic, S4 is known to be complete for the class of all topological spaces, for the rational line, for Cantor space, and for the real line. In the topological semantics for quantified modal logic, QS4 is known to be complete for the class of all topological spaces, and for the set of subspaces of the irrational line. The main result of the current paper is that QS4 is complete, indeed strongly complete, for the rational line.
In the topological semantics for propositional modal logic ( [9, 10, 11] ), it is well-known that (S4all ) S4 is complete for the class of all topological spaces, (S4Q) S4 is complete for the rational line, (S4C) S4 is complete for Cantor space, and (S4R) S4 is complete for the real line.
1 [11] extends the topological semantics to quantified modal logic. Let QS4 be classical first-order logic, without identity, enriched with a modal operator satisfying the axioms of S4. The four above results suggest four conjectures: (QS4all ) QS4 is complete for the class of all topological spaces, (QS4Q) QS4 is complete for the rational line, (QS4C) QS4 is complete for Cantor space, and (QS4R) QS4 is complete for the real line.
[11] proves (QS4all ) but leaves (QS4Q), (QS4C) and (QS4R) open.
(QS4R) fails, since QS4 is not complete for any locally connected space (Theorem 2.7, below). The main result of the current paper is a strong version of (QS4Q): QS4 is complete, indeed strongly complete, for Q with a constant countable domain (Theorem 2.4, below). This result follows from a more general strong completeness theorem, Theorem 5.1, below.
2 (QS4C) remains open.
Preliminaries
Let L be a quantified modal language with a countable set Var of variables; disjoint countable sets Pred n of n-ary predicate symbols, for each n ≥ 1; a set Names of names; disjoint countable sets Func n of n-ary function symbols, for each n ≥ 1; connective &, ∨ and ¬; one modal operator ; a quantifier ∀; and parentheses. We write ♦A for ¬ ¬A and (A ⊃ B) for (¬A ∨ B). Let Pred = n Pred n and Func = n Func n ; we assume that Pred is nonempty. Note that L has no equals sign. If A is a formula, t is a term, and x is a variable, then [t/x]A is the result of replacing every free occurrence of x in A with t. We say that t is substitutible for x in A iff no free occurrence of x in A is in the scope of any bound variable y, where y occurs in t. Given any set D, D-terms, D-formulas and D-sentences are terms, formulas and sentences in the language L(D), which is the result of expanding the language L so that every member of the set D is a name of L. (Here we assume that D ∩ S = ∅, if S = Var, Pred, Names or Func.) It will be useful to let Term(D) be the set of closed D-terms. Note that if D is infinite, then D and Term(D) have the same cardinality, since Names and Func are countable. Also note that, given any D-formula A, any variable x ∈ Var and any d ∈ D, the D-sentence [d/x]A is the result of replacing every occurrence of x in A with d. We reserve the unprefixed expressions 'formula(s)' and 'sentence(s)' for formulas and sentences in the original language L. 2 The proof here grew out of my work on two-dimensional propositional modal logic: after reading that work, [name withheld for blind review] drew my attention to its connection to topologically interpreted quantified modal logic. In particular, he alerted me to the result in [11] that QS4 is sound and complete for all topological spaces with a constant domain, and claimed without proof that, in a language without function symbols, QS4 is complete for Q with a countable constant domain. The proof in the current paper is an application of the technique I had originally developed for two-dimensional modal logic, extended to account for function symbols in the quantified lanaguage.
Let QS4 be the logic axiomatized in L as follows:
• Axioms and axiom schemes:
-every instance, in L, of a theorem of propositional S4;
, where the term t is substitutible for x in A;
-and A → ∀xA, where x does not occur free in A.
• Rules: modus ponens, necessitation and universal generalization.
It is well-known that ( ∀xPx ⊃ ∀x Px) ∈ QS4, but (∀x Px ⊃ ∀xPx) ∈ QS4. A nonempty finite set Γ of sentences of L is consistent iff the negation of their conjunction is not a theorem of QS4. A possibly infinite nonempty set Γ is consistent iff every nonempty finite subset is consistent.
Topological semantics
The topological semantics in this section is a terminological/notational variant of the topological semantics for quantified modal logic found in [11] with terminology and notation adapted from [4] . We assume familiarity with the basics of point-set topology: [2] is a standard reference. A predicate topological space is an ordered triple X = X, τ, D , where X = X, τ is a topological space and D is a nonempty domain. We say that X is based on X . A predicate topological model is an ordered quartuple M = X, τ, D, V , where X = X, τ, D is a predicate topological space, and
is such that
• V (c) ∈ D for every c ∈ Names, and
We say that M is based on X.
Suppose that M = X, τ, D, V is a predicate topological model. First we define Val (t) ∈ D for every closed D-term t:
if c ∈ Names then Val (c) = V (c); and if f ∈ Func n and t 1 , . . . , t n are terms then Val (ft 1 . . . t n ) = V (f)(Val (t 1 ), . . . , Val (t n )). Next, we define M, x A, for each x ∈ X and each D-sentence A as follows:
If Γ is a nonempty set of sentences, we say that M, x Γ iff M, x A, for every A ∈ Γ. We say that M Γ iff M, x A for every x ∈ X. We say that X Γ iff M Γ for every M based on X. We say that X Γ iff X Γ for every X based on X . If X is a class of topological spaces [of predicate topological spaces], then we say that X Γ iff X Γ [X Γ] for every X ∈ X [X ∈ X]. We write M A for M {A}, and similarly with X A, X A and X A.
If X = X, τ, D is a predicate topological space and x ∈ X, then a nonempty set Γ of sentences is satisfiable at x in X iff M, x Γ for some predicate topological model M based on X. And Γ is satisfiable in X iff Γ is satisfiable at some x in X. If X = X, τ is a topological space, then Γ is satisfiable in X iff Γ is satisfiable in some predicate topological space based on X . If X is a class of topological spaces [predicate topological spaces], then Γ is satisfiable in X iff Γ is satisfiable in some X ∈ X [some X ∈ X]. QS4 is sound for a class X of [predicate] topological spaces iff X A, for every sentence A ∈ QS4; and QS4 is complete for a class X of [predicate] topological spaces iff A ∈ QS4 for every sentence A with X A. Note that QS4 is complete for X iff every nonempty finite consistent set of sentences is satisfiable in X. QS4 is strongly complete for X iff every nonempty consistent set of sentences is satisfiable in X. If X [X] is a topological space [predicate topological space] We say that QS4 is sound, complete or strongly complete for X [X] iff QS4 is sound, complete or strongly complete for {X } [{X}] .
In what follows, we assume that τ R is the standard topology on R, and that, for nonempty X ⊆ R, τ X is the subspace topology induced by τ R . It is easy to show that QS4 is sound for any class of predicate topological models. The main QS4-completeness result in [11] 
[11] strengthens Theorem 2.1 by showing how to construct a class X 0 of subsets of the irrationals, R − Q, such that
, XI, 11.2) For every X ∈ X 0 and every countably infinite set D, QS4 is complete for X, τ X , D .
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Remark 2.3. The construction in [11] of the sets in X 0 is highly abstract, and reveals little about them. [11] does point out that the set of all irrationals cannot be among them (p. 486). A careful investigation of the construction reveals that each X ∈ X 0 is of cardinality 2 ℵ 0 .
The main result of the current paper strengthens Theorems 2.1 and 2.2:
Suppose that D is countably infinite. Then QS4 is strongly complete for Q, τ Q , D , and thus for Q. Remark 2.5. [11] shows that QS4 is not complete for any Baire space 5 with a countable domain. More precisely, if X, τ is a Baire space, then QS4 is not complete for the following class of predicate topological spaces:
D is nonempty and countable}. In particular, let P be a unary predicate and let A be the following formula, from [11] , p. 487:
[11] shows that A is not a theorem of QS4, but that X, τ, D A whenever X, τ is Baire and D is countable. Thus for example, QS4 is not complete for R with a countable domain, or for Cantor space with a countable domain. In the case of R, we can strengthen this result: See Theorem 2.7, below. Theorem 2.7. QS4 is not complete for any locally connected space. In particular, QS4 is not complete for R.
Proof. Let X = X, τ be a locally connected topological space with a basis B of connected open sets. Let P be a unary predicate, and let A be the formula,
The formula A is not a theorem of QS4. We defer the proof of this until we have outlined the Kripke semantics for the language L: see Remark 3.2 in Section 3, below. To see that X A, suppose not. Then there is a predicate topological model M = X, τ, D, V and a point x ∈ X such that
M, x ♦∃x¬Px, and (2) M, x ∀x( ¬Px ∨ Px).
By (3), there is a basis set O ∈ B such that x ∈ O and,
By (2), there is a z ∈ O and a d ∈ D, such that
By (5) and (6), M, z ¬Pd.
By (1),
By (4),
Define O − , O + ⊆ O as follows: 
Kripke semantics
A Kripke frame is an ordered pair K = W, R , where W is a nonempty set and R ⊆ W × W . We say that K is reflexive [transitive, symmetric] iff R is, and that r ∈ W is a root of K iff ∀w ∈ W, rRw. We say that K is rooted iff K has at least one root. Given w ∈ W , R(w) = df {w ∈ W : wRw }.
Presently, we define predicate frames, the frame-theoretic analog to predicate topological spaces. Note that a predicate topological space comes equipped with a single domain over which the quantifiers range. By contrast, a predicate frame can come equipped with a different domain at each world. A [rooted] predicate frame is an ordered triple K = W, R, D , where K = W, R is a [rooted] (unary) frame and D is a family, (D w ) w∈W , of nonempty sets indexed by possible world in W , such that wRw ⇒ D w ⊆ D w . This last clause is a requirement that the domains be expanding along the accessibility relation. We say that K has a constant domain if ∀w, w ∈ W, D w = D w . We say that K is countable iff W is countable and each D w is countable. We let
A predicate frame model is an ordered quartuple M = W, R, D, V , where X = W, R, D is a predicate topological space, and
• V (c) ∈ D w for every c ∈ Names and every w ∈ W , and
We say that M is based on K.
Suppose that M = W, R, D, V is a predicate frame model. We define Val (t) ∈ D W for every closed D W -term t exactly as in the topological semantics. Next, we define M, w A, for each w ∈ W and each D w -sentence A as follows:
If Γ is a nonempty set of sentences, we say that M, w Γ iff M, w A, for every A ∈ Γ. We say that M Γ iff M, w A for every w ∈ W . The definitions of K A and K A are standard. The definitions of satisfiability, soundness, completeness, and strong completeness are the obvious analogs to their counterparts in the topological semantics.
The following theorem is well-known (see, e.g., [6] or [4] ):
Theorem 3.1. QS4 is sound for the class of reflexive transitive predicate frames; and strongly complete for the class of countable rooted reflexive transitive predicate frames.
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Remark 3.2. Recall the formula A specified in the proof of Theorem 2.7: we promised a proof that A is not a theorem of QS4. Consider the following rooted reflexive transitive predicate frame model, M = W, R, D, V :
It is easy to check that M, 1 A. [4] extends the notion of a p-morphism to the notion of a predicate p-morphism from one predicate Kripke frame to another. We slightly alter the definition in [4] and define predicate p-morphisms from predicate topological spaces to predicate Kripke frames. (i) A predicate p-morphism from X to K is an ordered pair ϕ = ϕ 0 , ϕ 1 , such that 1. ϕ 0 is a p-morphism from X, τ to W, R ; 2. ϕ 1 = (ϕ 1x ) x∈X is a family of functions indexed by the members of X;
p-morphisms
(ii) A predicate p-morphism from M * to M is a predicate p-morphism from X to K such that, for every x ∈ X, for every P ∈ Pred n (n ≥ 1), for every c ∈ Names, for every f ∈ Func n (n ≥ 1), and for every Proof. We prove this by strong induction on the complexity of B, i.e., the number of quantifier-or connective-occurrences in B. As an inductive hypothesis (IH), suppose that for every D * -sentence B of complexity strictly less than the complexity of B, and every x ∈ X, we have M * , x B iff M, ϕ 0 (x) ϕ 1x · B . We will verify three cases: (1) B is atomic, (2) B = C, and (3) B = ∀xC.
Case (1) . B is of the form Pt 1 . . . t n , where P ∈ Pred n and t 1 . . . t n are D * -terms. Note: (Val (t 1 )) , . . . , ϕ 1x (Val (t n )) ∈ V (ϕ 0 (x), P) (by the definition of predicate
Case (2) . 
We want to show that M, ϕ 0 (x) ϕ 1x · B, i.e., that M, ϕ 0 (x) ϕ 1x · ∀xC, where ϕ 1x · ∀xC = ∀x(ϕ 1x ·C). So we want to show that, for every
Corollary 4.4. Suppose that ϕ = ϕ 0 , ϕ 1 is a predicate p-morphism from the predicate topological space X = X, τ, D * to the reflexive transitive predicate frame K = W, R, D . Then for every nonempty set Γ of formulas, if Γ is satisfiable in K then Γ is satisfiable in the predicate topological space
Remark 4.5. In most contexts, a p-morphism from X to K would transfer the satisfiability of Γ from K back to X. But here, such a p-morphism transfers satisfiability from K not back to X, but rather to a closely related predicate topological space, X * .
Proof of Corollary 4.4. Suppose that ϕ, X, and K are as given, and that Γ is satisfiable in K. Then there is a valuation V and a w ∈ W such that M, w Γ, where M = W, R, D, V .
We begin by specifying a new predicate p-morphism ϕ
as follows:
• if c ∈ Names, then ϕ * 1x (c) = V (c); and
Claim 1. ϕ * is indeed a predicate p-morphism from X * to K. Proof. We have to check that ϕ * satisfies Clauses (1)- (4) To check Clause (3), we need to check that (i) ϕ *
is surjective and that ϕ * 1x extends ϕ 1x . For Clause (4), we want to show that for every t ∈ Term(D * ) and every x ∈ X, there is an open set O ⊆ X, such that both x ∈ O and for every y ∈ O, ϕ * 1y (t) = ϕ * 1x (t). We show this by induction on Term(D). For the base case, either t ∈ D or t ∈ Names. If t ∈ D, then the result follows from the definition of ϕ * 1x (t) as ϕ 1x (t) and the fact that ϕ satisfies Clause (4). If t ∈ Names, then the result follows from the fact that ϕ * 1x (t) = V (t) for every x ∈ X. For the inductive step, suppose that t = ft 1 . . . t n and that, for each i = 1, . . . , n for every x ∈ X, there is an open set O i ⊆ X, such that both x ∈ O i and for every y ∈ O i , ϕ *
We now specify a valuation V * for the predicate topological space X * .
• If P ∈ Pred n and x ∈ X, then V
• if c ∈ Names, then V * (c) = c, and
Claim 2. ϕ * is a predicate p-morphism from the topological predicate model M * = X, τ, Term(D * ), V * to the topological Kripke model M = W, R, D, V . Proof. We have to check that ϕ * satisfies Clauses (5)- (7) in Definition 4.1 (ii), for every x ∈ X, every P ∈ Pred n (n ≥ 1), every c ∈ Names, every f ∈ Func n (n ≥ 1), and every t 1 , . . . , t n ∈ Term(D * ). Clause (5) is immediate by the definition of V * (x, P ). As for Clause (6), note that ϕ * 1x (V * (c)) = ϕ * 1x (c) = V (c). As for Clause (7), note that ϕ Corollary 4.6. Suppose that ϕ = ϕ 0 , ϕ 1 is a predicate p-morphism from the predicate topological space X = X, τ, D * to the reflexive transitive predicate frame K = W, R, D , where D * is infinite. Then for every nonempty set Γ of formulas, if Γ is satisfiable in K then Γ is satisfiable in X.
Proof. By Corollary 4.4, Γ is satisfiable in the predicate topological space X * = X, τ, Term(D * ) . Since D * is infinite, it has the same cardinality as Term(D * ). And since the cardinality of the domain of quantification is the only feature of it relevant to satisfiability of any set of sentences, Γ is also satisfiable in the predicate topological space X * = X, τ, D * .
A general strong completeness theorem
A subset of a topological space is clopen iff it is both closed and open. A topological space is zero-dimensional iff it has a basis of clopen sets. 7 A topological space is frame-simulating iff every countable rooted reflexive transitive Kripke frame is a p-morphic image of it.
8 Our general strong completeness theorem is Theorem 5.1. Suppose that X = X, τ is a frame-simulating zero dimensional topological space and that D is of the same cardinality as X. Then QS4 is strongly complete for the predicate topological space X, τ, D .
Before prove Theorem 5.1, we note that our main result, Theorem 2.4, is a corollary to it and the following lemma: Lemma 5.2. Q is (i) zero-dimensional and (ii) frame-simulating.
Proof. (i) is well-known. For a basis of clopen sets, consider the sets of the form {x ∈ Q : a < x < b}, where a and b are irrational.
To show (ii), let 2 <ω be the set of finite binary sequences, ordered as follows: b ≤ b iff b is an initial segment of b . The infinite binary tree is the Kripke frame 2 <ω , ≤ . By Lemma 3.3 in [8] , every countable rooted reflexive transitive Kripke frame is the image of 2 <ω under some p-morphism. 9 Also,
since O y is clopen. Also note that x ∈ O, and for every z ∈ O, we have
6 Concluding remarks Remark 6.1. Our proof of the strong completeness of QS4 for Q, with a countable domain, relies on two features of Q: it is zero-dimensional and frame-simulating. R, for which QS4 is not complete, is neither zerodimensional nor frame-simulating (for the latter point, see Lemma 4.6 of [8] , which follows from the Baire Category Theorem). Cantor space, for which the question of [strong] completeness remains open, is zero-dimensional but not frame-simulating (again, see Lemma 4.6 of [8] ).
Zero-dimensionality is clearly insufficient for strong completeness: QS4 is not complete for any topological space with only one point. Being framesimulating is also insufficient for strong completeness. Consider the infinite binary tree, 2 <ω , ≤ , defined in the proof of Lemma 5.2. Let τ 2 <ω consist of all sets closed under ≤: it is easy to see that τ 2 <ω is a topology on 2 <ω . By Lemma 3.3 in [8] , the topological space 2 <ω , τ 2 <ω is framesimulating. But, we claim, QS4 is not complete for this space. To see this, choose any nonempty domain D, and note that the predicate topological space 2 <ω , τ 2 <ω , D validates exactly the same sentences as the constant domain predicate Kripke frame 2 <ω , ≤, D , where
Remark 6.2. The proof of our main result depends on the countability of the language L. But even if L were not countable, QS4 would be complete, if not strongly so, for Q with a countable domain. For, to show that any finite consistent set Γ of sentences is satisfiable in Q with a countable do-main, it suffices to consider only the predicates, names, and function symbols occurring in Γ.
Remark 6.3. If there are sufficiently many predicates in the language, then QS4 is not strongly complete for Q with domains of even arbitrary cardinality. To see this, let W be some set of cardinality strictly greater than the cardinality of P(Q), i.e., strictly greater than 2 ℵ 0 . And suppose that there's a unique predicate P w for each w ∈ W . Consider the following set of sentences: Γ = {♦(∃xP w x & ¬∃xP w x) : w, w ∈ W & w = w }. To see that Γ is consistent, it suffices (by soundness) for every nonempty finite subset of Γ to be satisfiable. So suppose that Γ is some nonempty finite subset of Γ, and let S = {w ∈ W : ♦(∃xP w x & ¬∃xP w x) ∈ Γ , for some w ∈ W } ∪ {w ∈ W : ♦(∃xP w x & ¬∃xP w x) ∈ Γ , for some w ∈ W }.
Note that S is finite. Choose some w 0 ∈ W − S, and let X = S ∪ {w 0 }. Note: For distinct w, w ∈ S, we have M, w (∃xP w x & ¬∃xP w x). Thus, M, w 0 Γ . To see that Γ is not satisfiable in Q, suppose that it is: so there is some predicate topological model M = Q, τ Q , D, V and some q 0 ∈ Q such that M, q 0 Γ. For each w ∈ W , let S w = {q ∈ Q : M, q ∃xP w x}. Note that, if w, w ∈ W and w = w , then M, q 0 ♦(∃xP w x & ¬∃xP w x): thus q 0 ∈ Cl(S w − S w ). Thus the sets S w ⊆ Q are all distinct for w ∈ W . But this cannot be, since the cardinality of W is greater than the cardinality of P(Q).
We suspect that a similar argument could be constructed for any uncountable W -even if the cardinality of W is not greater than 2 ℵ 0 -but we haven't seen how to do it.
Remark 6.4. Neither reflexive transitive predicate frame models nor predicate topological models provide an adequate semantics for quantified S4 with identity, since the following non-theorem of QS4 = is validated by every predicate frame and by every predicate topological space: ∀x∀y(x = y ⊃ x = y). As [name withheld for blind review] noted in private email correspondence, this is why Shehtman and others invented the notion of a Kripke sheaf, the generalization of reflexive transitive predicate frames with expanding domains. Kripke sheaves allow an object in one world to be 'identified' with distinct objects in another world: this is what allows us to invalidate ∀x∀y(x = y ⊃ x = y). Let full first order S4, FOS4, be quantified S4 with identity, in a language with names, predicate symbols and function symbols.
[name withheld for blind review] notes that FOS4 is complete in the Kripke sheaf semantics, if we interpret names and function symbols as certain monotone maps. Awodey and Kishida [1] generalize the Kripke sheaf semantics to a semantics using topological sheaves. (See also [7] .) As far as we know, this is the first sheaf semantics for FOS4 that explicitly provides interpretations for names and function symbols: [1] and [7] interpret them as certain continuous functions. In fact, we can prove the completeness of FOS4 for sheaves over the topological space Q: we skip this proof, since it is off-topic for the current paper. It is not known whether FOS4 is complete for sheaves over R.
